The mass (in)dependence of loop variables in Maxwell-Chern-Simons theory is analysed by means of a gauge field transformation which allows to reset the Maxwell-Chern-Simons action to pure Chern-Simons.
Introduction
In recent works [1, 2] it has been established that three-dimensional gauge theories in the presence of the topological Chern-Simons term can be cast in the form of a pure Chern-Simons action through a local covariant redefinition of the gauge connection. For instance, in the case of the standard Yang-Mills term F F , we get
with The two parameters g, m in the expressions (1.1) , (1.3) can be identified respectively with the gauge coupling and with the topological mass. The coefficients ϑ n µ in eq.(1.2) have been proven [2] to transform covariantly under gauge transformations and can be expressed in terms of the curvature F µν and its covariant derivatives. This implies that the redefined field A µ is a connection. This property has led to an attractive geometrical interpretation of the Chern-Simons term as a kind of topological generator for the classical Yang-Mills-type actions [2] .
The existence of the transformation (1.2) has been exploited also at the quantum level. Several results have been obtained for the quantum effective actions of different systems. In the case of the massive topological Yang-Mills (1.1), the redefinition (1.2) has allowed for a purely algebraic proof of the ultraviolet finiteness of the model [2] . Furthermore, in the case of the effective action corresponding to the abelian fermionic determinant of a massive twocomponent spinor field, eq.(1.2) has been extended at the quantum level in order to account for the nonlocal quantum corrections [3] . As a consequence, it has been possible to prove that the infinite number of one loop diagrams corresponding to the perturbative expansion of the fermionic determinant can be reabsorbed into the pure Chern-Simons, up to a field redefinition [3] .
The purpose of the present letter is that of pursuing the analysis of the consequences stemming from the existence of the field redefinition (1.2) at the level of the vacuum expectation value of the observables, i.e., of the nontrivial gauge-invariant quantities. Our aim here is to investigate whether the redefinition (1.2) can be used as an effective computational tool in order to characterize the mass (in)dependence of the observables. In this work we shall restrict ourselves to the abelian case. The main idea is to use eq.(1.2) as a change of variables in the path integral. In doing this, one picks up the Jacobian of the transformation and one has to re-express the observable under consideration in terms of the redefined field A µ . However, this change of variables in the path integral leads the Boltzmann weight to take the form of the pure Chern-Simons action. This procedure may have therefore the practical advantage of performing computations by making use of the Chern-Simons propagator
instead of the more complicated one corresponding to the quadratic part of the action (1.1), i.e.,
(1.5) As an illustrating example of this set up we shall use the field redefinition (1.2) in the case of the abelian Maxwell-Chern-Simons theory in flat spacetime 6) in order to compute in closed form the loop factor [4, 5] 
where γ, γ ′ are two distinct (nonintersecting) smooth closed oriented curves (which define a two-component link L(γ, γ ′ ) [6] ). As discussed by [5] , the relevance of the factor W(γ, γ ′ ) is due to the fact that it carries the information concerning the statistics of the quantum fluctuations of the (2 + 1) abelian Higgs model, thanks to a random walk representation for the gauge invariant Green's functions. In particular, by making use of the redefinition (1.2) we shall be able to prove that W(γ, γ ′ ) is actually independent from the mass parameter m, provided γ, γ ′ are two disjoint curves, one of which may wind around the other. In other words, the double line integral
computed with the Maxwell-Chern-Simons action yields the linking number χ(γ, γ ′ ) of the two curves, regardless of the size of the separating region between γ and γ ′ . It is worth emphasizing here that this result, being exact, is stronger than that of refs. [4, 5] , in which the two curves γ, γ ′ are required to be separated by a distance ≫ 1/m in order to approximate the expression (1.5) by the pure Chern-Simons propagator (1.4).
The paper is organized as follows. In Sect.2 we discuss the main properties of the field redefinition (1.2) in the case of the abelian Maxwell-Chern-Simons theory. In Sect.3 the details of the computation of the double line integral
A ν (y) will be given. In Sect.4 we discuss the extension of this result to a more general class of abelian actions as well as to a generic link L(γ 1 , ..., γ n ). Finally, we shall devote a few remarks to the more difficult case in which γ and γ ′ identify the same curve, expression (1.7) becoming there the expectation value of the abelian Wilson loop [4, 7, 8] . Further possible applications will be also outlined.
The Maxwell-Chern-Simons action
As already mentioned, the abelian Maxwell-Chern-Simons action can be reset to a pure Chern-Simons term
through a suitable gauge field redefinition of the kind
As proven in ref. [2] by using BRST cohomological techniques, the coefficients ϑ n µ turn out to depend only on the field strength and its derivatives. In the present abelian case their computation is rather straightforward. For instance, the first six coefficients are found to be
Although the higher-order coefficients can be easily obtained, the above expressions give us a simple and clear understanding of the general properties of the ϑ n µ 's. They can be summarized as follows:
• the coefficients ϑ n µ are divergenceless, i.e.,
11)
• they are gauge invariant and depend linearly on the gauge field A µ .
As one can easily understand, these properties follow from the abelian character of the Maxwell-Chern-Simons action (2.8). They will turn out to be of great relevance in order to compute W(γ, γ ′ ). In particular, from equation (2.11) it follows that the general form of the field transformation (2.9) can be written in terms of the two transverse projectors ε µνρ ∂ ρ and (g µν ∂ 2 −∂ µ ∂ ν ) as
where f and h are power series in the three dimensional laplacian Observe that from eq.(2.11) it follows that the two gauge connections A µ and A µ have the same divergence, 14) which implies that, in a covariant Lorentz-type gauge condition, the gauge fixing term remains unchanged when one moves from A µ to A µ . Let us give here, for later use, the coefficients of the inverse transformation (2.10) which has, of course, the same general form of eq.(2.12)
It should also be remarked that eqs.(2.12), (2.15), being linear in the fields A µ , A µ , imply that the Jacobian det(δA ν /δ A µ ) corresponding to the change of variables A µ → A µ is field independent, and therefore it does not contribute to the transformed measure D A in the path integral.
We are now ready to evaluate the double line integral of the expression (1.7) . This will be the task of the next section.
Computation of the double line integral
In order to compute the line integral γ dx µ γ ′ dy ν A µ (x)A ν (y) in the MaxwellChern-Simons theory we have first to fix the gauge. Adopting a transverse Landau gauge, we can write
17) where b is the Lagrange multiplier implementing the gauge condition. Let us perform now the change of variables (2.15) . Moreover, recalling that the corresponding Jacobian is field independent and that, from the eq.(2.14), the Landau gauge condition is left invariant, i.e.,
18) where
,
We see therefore that the expectation value of γ γ ′ A(x)A(y) MCS in the Maxwell-Chern-Simons theory can be obtained by computing the expectation value of the transformed quantity γ γ ′ A( A(x))A( A(y))
CS in the (topological) pure Chern-Simons theory. Therefore
with Ω µσ (x) given by
(3.21) In order to evaluate expression (3.20) let us recall that the Landau propagator of the pure Chern-Simons theory
is transverse
and that, from
we get
This last identity can be directly applied to eq.(3.20), as γ and γ ′ are two disjoint (nonintersecting) curves. Therefore the points x and y will never coincide. As a consequence, all the laplacians in the factors Ω of eq.(3.20) can be ruled out. The same occurs for the terms containing the derivatives ∂ µ ∂ σ and ∂ ν ∂ λ , due to the transversality of the Chern-Simons propagator. Expression (3.20) thus reduces to
where all the m-dependent terms turn out to identically vanish or to yield a total derivative upon contraction of the ε µνρ factors. For the final result we therefore get
where χ(γ, γ ′ ) is the linking number of the two curves γ and γ ′ . We may see, then, that, as announced, the factor W(γ, γ ′ ) is independent from the mass parameter m. This result has been obtained as a simple consequence of the existence of the transformation (2.12) which has allowed us to perform the computations by making use of the properties (3.23) , (3.25) of the pure Chern-Simons propagator.
Generalization
Following the algebraic cohomological set up of refs. [1, 2] , it follows that the above result (3.27) can be easily extended to the case in which we add to the Maxwell-Chern-Simons action (2.8) higher derivatives terms of the type
28) where α n , β n are arbitrary dimensionless parameters. These terms, being quadratic in the gauge field A µ , can be reabsorbed into the pure Chern-Simons action through a linear field redefinition of the kind (2.12) . Everything works as before, with the result that the double line in-
is in fact independent from the mass m as well as from the parameters α n , β n . We recall here that the terms of eq.(4.28), together with the Maxwell-Chern-Simons action (1.6), appear in the largemass expansion of the two-point Green's function (i.e., of the spinor vacuum polarization) of the effective action corresponding to the abelian fermionic determinant of a two-component massive spinor [9] .
Finally, it is worth underlining that all the results established here can be generalized straightforwardly to a generic line integral I(γ 1 , ..., γ n ) of the type
where the curves γ 1,...., γ n belong to a n-component link L(γ 1 , ..., γ n ).
Conclusion
Let us conclude with a few comments and remarks on possible further applications.
• We have proven that the loop factor W(γ, γ ′ ) evaluated in the MaxwellChern-Simons theory is independent from the mass parameter m, provided the two curves γ, γ ′ do not touch each other. In other words, for any separation of γ, γ ′ , the factor W(γ, γ ′ ) gets contributions only from the topological Chern-Simons term.
• The second remark concerns the use of the field redefinition (1.2) as an effective computational tool in order to characterize the mass dependence of the observables in three-dimensional gauge theories. As we have seen explicitly in the previous example, this could open the attractive perspective of making use of pure topological actions in order to perform computations in theories which are not of the topological type. It is worth mentioning here that the possibility of using topological theories in order to study sectors of ordinary theories has been recently underlined by [10] within the context of the first-order formulation of four-dimensional Yang-Mills theory.
• Let us also observe that, in the more general case of a nonabelian model, as for instance the massive topological Yang-Mills theory (1.1) , the field redefinition (1.2) is nonlinear. This implies that the corresponding Jacobian is no more field independent and has to be taken into account. However, as much as in the case of the Faddeev-Popov determinant, it can be exponentiated through the introduction of suitable ghost fields, so that it becomes part of the Boltzmann weight in the path integral. We end up thus with an effective local action which, in addition to the pure Chern-Simons action and the corresponding Faddeev-Popov term, possesses a further ghost part characterized by the presence of a pair of ghost and antighost fields carrying a Lorentz index, according to the tensorial nature of the Jacobian det(δA ν /δ A µ ) of the transformation (1.2). Although being out of the aim of this letter, let us mention that, thanks to the presence of these new vector ghosts, the resulting local effective action turns out to be left invariant by a set of modified BRST-like transformations [11] . In particular, the transformation of the gauge connection gets modified by an additional term in the vector ghost which has the meaning of a shift. This naturally reminds us the cohomological structure of the topological theories of Witten's type [12] .
• Finally, let us spend a few words on the more difficult case in which γ and γ ′ identify the same curve. The loop factor (1.7) becomes there the expectation value of the abelian Wilson loop. As is well known, the double line integral γ dx µ γ dy ν A µ (x)A ν (y) computed in pure Chern-Simons is finite and can be defined in a topological way as the self-linking number of the curve γ [6] . It is also known that, when com-puted in Maxwell-Chern-Simons theory, ultraviolet divergences show up due to the presence of the Maxwell term 1 . In this case the computation of γ dx µ γ dy ν A µ (x)A ν (y) is far from being trivial, as has been carefully discussed by [8] . The ultraviolet divergences have to be extracted and properly renormalized, according to the Polyakov's renormalization prescription for the Wilson loop [13] . After this, the authors of ref. [8] have been able to prove that γ dx µ γ dy ν A µ (x)A ν (y) computed in Maxwell-Chern-Simons theory yields, in the infinite mass limit m → ∞, the self-linking number. They have also proven that, by means of a finite renormalization, the self-linking can be converted into the so-called writhing number, thus recovering the results of [14, 4, 7] . However, up to our knowledge, the mass dependence of the abelian Wilson loop for a finite value of the mass parameter m has not yet been completely worked out in closed analytic form. Perhaps the considerations of this letter could be useful in order to improve our present understanding of the mass dependence of the Wilson loop, at least in the form of a power series in a 1/m expansion. We hope to report soon on this subject in a more detailed and complete work [11] .
